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Abstract

This paper presents a new unified method for simultaneously tiling the register and cache levels
of the memory hierarchyWe will focus on the code transformation phase of tiling. Our
algorithm uses strip-mining and loop interchange on all memory hierarchy levels to determine
the tiles as usual, and, afterwards, and due to the special characteristics of the register level, we

apply index set splitting, fully unrolling and unnecessary load/store elimination.

We propose a technique to perform the loop interchange in non-convex iteration spaces that
computes the loop bounds exactly and we also present an order in which to perform index set
splitting that guaranties that each loop in the nest will be processed only once and also avoids

code explosion.

The performance of the memory hierarchy obtained with the method presented in this paper is
substantially higher than the performance obtained by commercial preprocessors capable of

restructuring code to exploit the memory hierarchy

1 Introduction
To reduce the average memory access time, todayd future computer architectures use

several memory levels. The memory size in each level of the hierarchy and the program locality
determine the &ctiveness of the memory hierarchy[12]. Since the number of memory levels
is continuously increasing, it is important to exploit as much as possible every level of the

memory hierarchy

Numerical codes with big data structures are sensitive to the performance of the memory
hierarchy since their data structures ddit’' in the memory levels near to the processor
Nevertheless, numerical codes usually have spatial and temporal locality properties. Block and
multilevel block algorithms have been studied to increase data reuse and to improve the

performance of the memory hierarchy [5][15][14].



In order to use computer architectures with several memory levels, it isimportant to hide the
details of the architecture from the user, making the memory hierarchy transparent to the user.
Therefore severa code transformation techniques have been developed. These techniques am
at exploiting the temporal and spatial locality properties of a program. Spatial locality can be
exploited accessing array elements in the same order that they are stored in memory. Temporal
locality can be exploited using loop tiling.

Iteration space tiling is a code restructuration technique used to reduce a program’s data
working set. It consistsin dividing the iteration space defined by the loop structuresin regular
tiles. Tiling the iteration space creates a blocking of the data arrays. The order in which thetiles
are traversed induces the order in which the data blocks are accessed. The ideaisto shorten the
distance between successives references to the same memory location, so that it is more
probabl e that the memory word residesin the memory levels near to the processor when the data
reuse occurs. To determine the tiling (tile size and tile order) in each level, alocality analysis
must be performed [3][9][18].

Tiling an iteration space can be implemented using unroll & jam and scalar replacement at
theregister level [2][4], and applying strip-mining and loop interchange at all other levels of the
hierarchy [5][6][18]. Nevertheless, tiling complex iteration spaces presents several problems.
Applying strip-mining to aloop nest always produces a non-convex iteration space since some
of the loops in the nest will end up with a step size different from 1. Therefore, the loop
interchange needed after strip-mining can not be done using techniques based on unimodular

transformation matrices [19].

Previouswork ontiling, such asWolf and Lam [19] and M. Wolfe[20], uses ad-hoc methods
to implement the loop interchange after strip-mining, and may create empty tiles when the
iteration space is not rectangular. Wolf and Lam compute the bounds of the tile loops finding
the minimal rectangle that containsthe original iteration space. Using this method, some of the
tiles may be empty. Wolfe computes the bounds of the tile loops exactly, therefore, thereisno
empty tile, but his technique may iterate over empty pointsinside thetile. The time wasted in
executing those empty loops can be noticeable if tiling is performed in more than one level of
the memory hierarchy. The effect of not computing the loop bounds exactly is multiplicative

with respect to the number of levels exploited.



On the other hand, the ad-hoc methods used by them to compute the loop bounds after the
loop interchange only work if the relative order of the loops after the interchange is the same
as in the loop nest before strip-mining. Therefore, in general, they need to perform the loop
interchange transformation so many times as memory levels they are exploiting.

At the register level, S. Carr [4] uses pattern recognition techniques on the bounds of the
loops to apply unroll & jam. Nevertheless, when the iteration space is not rectangular, the
bounds of the loops can not be matched by the patterns and no general algorithm to partition
these iteration spaces into simpler ones that could be recognized through patterns is presented
in [4]. We call complex iteration spaces the iteration spaces that are not rectangular.

Commercial preprocessors such as KAP from Kuck & Associates are not always able to
produce an iteration space tiling when the bounds of the loops are affine functions (or
compositions of affine functions) of the surrounding loops iteration variables. These types of
bounds are commonly found in linear algebra algorithms or arise as a result of applying

transformations such as loop skewing.

This paper presents a new unified method for simultaneously tiling the register and cache
levels of the memory hierarchy, that works for any iteration space having loop bounds defined
as compositions of affine functions of the surrounding loops iteration variables (complex
iteration spaces). We will focus on the code transformation phase of tiling and we will assume
that dependency anaysis and locality analysis have aready been performed [9][18].
Strip-mining and interchangeisperformed in asingle step for all levels of the memory hierarchy
simultaneously and the loop bounds are computed exactly. Also, we use index set splitting

instead of pattern recognition techniques at the register level.

In section 2 we present the framework where we develop our code restructuration technique.
The transformation steps of the unified process are presented in section 3. In section 4 we

present the evaluation of the restructuring process and in section 5 we expose the conclusions.

2 Framework
We consider algorithms specified by anumber of nested loops. The set of iterations determined

by the bounds of the n nested loops is a convex subset of Z". We call this set the Bounded
Iteration Space (BIS): BIS={I=(iy, ..., ip) |Ly<i; Uy, .o, LySins Uy}



wherel isan-dimensional vector which represents any singleiteration of thenloopsand L; (U;)
isthe lower (upper) bound of loop i. The bounds of the loops are max or m n functions of affine

functions of the surrounding loops iteration variables.

TheBIS can be specified inamatrix form [10] asfollows: Alll< 3, where every row of matrix
A defines an affine function of the lower or the upper bound. The n elements of vector | arethe
iteration control variablesi, , and B is a vector whose components are the independent terms of

each affine function.

A transformation, represented by matrix T, maps each iteration | of BIS to one iteration J of
the Bounded Transformed Iteration Space (BTIS): BTIS={J=T0 || OBIS}

T isavalid transformation if T is non singular and the dependences are preserved [7].

The Minimum Convex Space (MCS) which contains all the points of the BTIS can be put in
matrix form, using the transformation matrix T and the matrix inequation which represents the
bounds of the BIS:

AO<p 0 A orih<p

TO=J A D<B
The bounds of the MCS can be extracted from the matrix inequation A’ [ < 3 using the
Fourier-Motzkin algorithm [1].

When T is unimodular, the bounds of MCS are the bounds of the BTIS and can be directly
used to build the loop nest required to scan the BTIS (we say that these bounds are exact). When
T is non-unimodular there are holes (integer points without integer antiimage) in the BTIS. To
scan correctly the BTIS, all the holes must be skipped. The bounds of the MCS must be
corrected to obtain the exact bounds of the BTIS, required to build the transformed loop nest.

In [7] amethod to compute the exact bounds of the transformed loop nest is presented.

3 Transformation Steps
In this paper we will focus on the code transformation phase of tiling and we will assume that

locality and reuse analysisto define thetiles (the form and the size) in each level of the memory
hierarchy have aready been performed [13][9][18]. We also assume that the loops to be

transformed are fully permutable or a transformation has been previously used to achieve it

[17].



The steps we follow are:
1. Create a perfectly nested loop.
Tiling: To al levels of the memory hierarchy (cache and registers)
2. Apply strip-mining to all loops selected by the locality and reuse analysis.
3. Interchange loops as determined by the locality and reuse analysis.
At theregister level:
4. Apply index set splitting repeatedly until being able to fully unroll those loops that
provide data reuse at the register level.
5. Distribute the surrounding loop of the loops we want to fully unroll [20].
6. Remove all redundant loop bounds and empty loops.
7. Fully unroll al innermost loops.
8. Eliminate unnecessary |oads/stores using scalar replacement [4].

When the original loop nest is not perfectly nested, we use a code sinking transformation
[20]. This transformation moves the statements between loops inside the inner loop by adding
one or more conditional statements. The conditional statements protect the execution of the
merged statements, so they are executed at the right time. To avoid the time execution overhead
due to these conditionals, after tiling the loop nest, they are eliminated using index set splitting
[11].

Strip-mining determinesthetile size in each dimension and interchange determinesthe order
in which the tiles are traversed to increase the data reuse between tiles. After interchange, the
innermost |oops provide the data reuse at the register level, and the outermost |oops provide the
datareuse in the last considered memory level of the memory hierarchy.

After tiling the iteration space, we want to exploit the datalocality at the register level. Due
to the special characteristic of the register level, it is necessary to fully unroll the loops that
provide data reuse in thislevel and to eliminate unnecessary loads/stores in the innermost | oop.
Index set splitting [20] is used to divide the loopsin zones in such away that in one zone al the
loops that provide data reuse at the register level can be fully unrolled. A loop isfully unrolled

replicating the loop body as many times as the bounds indicate.



Index set splitting can increase the complexity of the bounds of the loops and can create
empty loops unnecessarily. To remove empty loops and redundant loop bounds, we apply the
Fourier-Motzkin algorithm to each loop nest of the transformed code [11].

At last, scalar replacement [2] is used to eliminate unnecessary loads/stores in the innermost
loop. Scalar replacement finds opportunities for reuse of subscripted variables and replaces the
references involved by array referencesto temporal scalar variables, among other cases, we use
scalar replacement for array elements that are loop invariant with respect to the iteration
variable of the innermost loop. Sometimesit is necessary to distribute the surrounding loops to
apply scalar replacement.

Strip-mining, index set splitting and unrolling can aways be performed because execution
order isunchanged. L oop interchange, loop distribution and scal ar replacement are alwayslegal

since we assume that the loops are fully permutable.
3.1 Tiling: Strip-mining and interchange

Strip-mining decomposes a loop into two nested loops; the outer loop steps between strips of
consecutive iterations, and the inner loop traverses the iterations within a strip [20]. We will
refer to the outer loop as"thetileloop” (T1 loop) and to theinner loop asthe"the element loop”
(EL loop). After strip-mining, theloops are permuted in such away that the Tl loops become
the most external loops and the EL loops the most internal ones.

If strip-mining is applied in a straightforward manner to a complex iteration space (i. e.
triangular) the shape of the resulting tiles might not be as desired [21]. We will apply the
strip-mining transformation as defined by the following expression:

doi=Li, Ui g Minng doi® =[L;- oft, nod B;) / B;OB; + oft; nod B;, U;, B;

doi=max(i® L;), m n(iB+B; -1, U)
wherei®Bisthe Tl loop, i isthe EL loop, B is the strip size and oft; (0Z is an offset. Using this
expression, the tile boundaries are paralel to the iteration space axes and the offset determines
the origin of the first tile. For ssmplicity and without loss of generality we will assume during
the explanation a null offset.

To better clarify the steps performed in this section we will use the code of Fig. 1(a) as an

example. After applying strip-mining to loopsi and j, we obtain the code of Fig. 1(b). We will



do i8=(2-B)/B;0[B;, N, B;

dodiz_l,_N do i=nax(1,i®), m n(i®+8,-1 N)
oj=i, N B _
00p body  BIS g NCBIS do [°=C0 -5+ /B, 08, N, B,
enddo convex SMP-MINING nonconvex do j=max(i, J°), m n(j*+B;-1, N)
enddo | oop body
@ enddo (b)

Fig. 1. (d) Example of loop nest (BIS). (b) Loop nest after applying strip-mining to loopsi and j (NCBIS).
refer as NCBIS (Non-Convex Bounded Iteration Space) to the non-convex iteration space

resulting from applying the strip-mining transformation to BIS.

L oop interchange orders the loops achieving high data reuse between tiles. We would like to
obtain the BTIS (Bounded Transformed Iteration Space) which is the iteration space after
applying the interchange transformation to NCBI S.

The iteration space after strip-mining is a non-convex space and, therefore, the interchange
unimodular matrix (T;) cannot bedirectly applied using thetheory of unimodular
transformations [19]. To perform the interchange transformation we will use the theory of
non-unimodular transformations described in [7] which is able to deal with non-convex
iteration spaces.

We suppose NCBI'S comesfrom acertain original convex space, that wewill refer to asOBIS
(Origina Bounded Iteration Space), after applying anon-unimodular transformation (T,) to
it (Fig. 2). To obtain the BTIS, a non-unimodular transformation T is applied to OBIS. This
non-unimodular transformation is a composition of the interchange unimodular transformation
T, and the non-unimodular transformation T, that is T=T, [TT,. In Fig. 2 a diagram of the

transformation processis shown.

Ta T
OBIS »NCBIS- - - - - - - - - - » BTIS
convex Wnon-convex
T=T, 00,

Fig. 2. Diagram of the transformation process.

Using the theory of non-unimodular transformations described in [7], it can be deduced that
T, isadiagona matrix, in which the diagonal elements are the loop step sizes. Therefore the
bounds of the loopsin OBIS are the same bounds asin NCBI S divided by the loop step size and
thestep size of all loopsare 1. Theloop iteration variables that appear in the bounds of the loops



must be multiplied by its corresponding step size. The matrix T, and the bounds of the loopsin

the OBIS in our example are shown in Fig. 3(a) and 3(b) respectively.
do i®=[2-B;)/B;(J IN/B;,0

B;00O do i=max(1, iBB), mn(iBB+B;-1, N)
T,= 0100 do jB=[i-Bj+1)/B;J IN/B,U
00B0 do j=max(i, j®B), m n(j®B+B;-1, N)
0001 | oop body
(@ enddo (b)

Fig. 3. (a) Matrix T,. (b) Exact bounds of the loopsin the OBIS.

The matrix T=T, 0T, is used to compute the MCS of BTIS using the Fourier-Motzkin
algorithm. The bounds of the MCS of BTIS in our example are shown in Fig. 4(a).

The exact bounds and step sizes of the loops are computed using the Hermite Normal Form
(HNF) of T [16]. The HNF of T is adiagonal matrix because T, is also a diagonal matrix and
T, is an interchange unimodular matrix. Since the HNF of T is diagona, it can be directly
computed in atrivial way. The diagonal elements of the HNF of T are the step sizes of the loops
inthe NCBISinterchanged according to T,. The HNF of T in our exampleisshownin Fig. 4(b).

(2-B)<iB<N do i = [{2-B;)/B;[B;, N, B;
max (2-Bj, i%-B; +1)<jB<N do jB=[irax(2-B;, i®-B; +1)/B; B;, N, B;
max (1, iB)<isni n(iB+B;-1, jB+B; -1, N) B 000 do i=max(1, i), m n(iB+B;-1, jB+B;-1, N)
max(i, jB)<j<ni n(jB+B;-1, N) ! do j=max(i, B), m n(jB+B;-1, N)
HNF(T) = 0 Bj 00 | oop body
0010
€) (b) 0 001 enddo (©

Fig. 4. (a) Minimum Convex Space of BTIS. (b) The Hermite Normal Form of T.
(c) Exact bounds of the loopsin BTIS.

The exact bounds of the loops in BTIS are: @) the step sizes of the loops are the diagonal
elements of the HNF of T, b) each upper bound is the same asin the MCS of BTIS and ¢) each
lower bound is a ceiling function of the lower bound of the MCS of BTIS divided by its
corresponding step size and all this expression multiplied by the same step size. The exact

bounds and steps of the loopsin BTIS are shown in Fig. 4(c).
We note that in the example used in this paper we deal with a diagonal HNF because we
assume a null offset. With a non-null offset, matrix T, and, therefore, the HNF of T are lower

triangular matrices, but the bounds of the loops are also easy to compute. See [7] for further
details about how the bounds of the MCS of BTIS are modified in the general case.



3.2 Register Level

To exploit data reuse at the register level after applying the loop interchange transformation, we
need to fully unroll the most internal loopsin the nest (loopsthat provide datareuse at thislevel)
and to eliminate unnecessary |oads/stores using scalar replacement. We will refer to the loops

that we want to unroll as Unroll Candidates Loops (UCLYS).

For example, theloopi of Fig. 5(a) isan UCL and to fully unroll thisloop, it is necessary
that i always executes the same number of iterations. After tiling, the number of iterations of the
UCLsi s not constant. However, the bounds of the UCL s always have: a) the iteration variable
of the TI loop in one of the lower bound components and b) the iteration variable of the T1 loop
plusthetile size minus onein one of the upper bound components. I solating thistwo loop bound
components from the others, we will be able to fully unroll the UCLs. In the example we will

isolate the bounds i® and iB+B; -1 from the other bounds.

Theloop i of Fig. 5(a) can be fully unrolled using conditional statements in the loop body.
Nevertheless, the guards of the conditional statementsare affine functions of the surrounding
loops iteration variables, and the conditional statements cannot be moved outside the loop that
surround the UCLs (loop k in Fig. 5(a)). So, it is not possible to apply scalar replacement to
move the invariant references outside the innermost |oop, and therefore there is no data reuse at
the register level. To overcome this problem, we use Index Set Splitting (1SS) on the external

loops in order to simplify the bounds of the UCLSs, so that they can be fully unrolled.

In the example we split loop k into two new loops in such away that in every iteration of
one of the new loops the constraint k <i® holds, and in every iteration of the other loop the
constraint k >i® holds. Graphically the iteration space defined by loopsi andk is split as shown
in Fig. 5(b). Now we can simplify the bounds of loop i in both new loop nests. In the loop nest
where k < iB holds, the lower complex bound of i can be simplified to i® (max(i& k) = iB).
Similarly, in the loop nest where k >iB holds, the lower complex bound of i can be simplified to
k (max (i® k) = k) .Theresulting code after index set splitting is shown in Fig. 5(c). The UCL i of
the first loop nest always executes B; iterations and can be fully unrolled. The loop i of the

second loop nest never executes a constant number of iteration and cannot be unrolled.



dO iB:Liana Bi dOiB:Li, Ui'Bi _1 A(B)
r1=A(i
do kak, Uk, Bk . do k:Lk, m n(iB, Uk)v Bk T‘.2.:A(i5+l)
doi= m(a;@Ef K), iB+B;-1 doi=i8 iB+B;-1 Fn=A(iP+B; -1)
GAGQ) A - i
enddo enddo ) do k=Ly, ni n(iB, Uy, Bk
enddo enddo r% .
P (a) dok:k,uk,Bk s 2
enado. doi=k iP+B-1 i
) | A dd
iB+B;-1 B :_B enddo irziB)(irl
> |
iB> I?/ ?.n.ddo A(iE+1)=r 2
|
iB enddo c
! : ©) A(iB+B;-1)=rn
| - (d)
|
|
k
Lk i Uy (b)

Fig. 5.(a) Loop nest, wherieis an Unroll Candidate Loop.
(b) Split the iteration space to be able to unroll loop
(c) Loop nest after applying index set splitting.
(d) Unrolled loop nest after applying unrolling and scalar replacement.

The order in which we apply ISS is very important to avoid processing a loop more than once
and to avoid code explosion.efirst apply ISS to the loops that we want to unroll (UCLs) from
innermost to outermost (this ordering makes possible processing each loop only once). Then,
ISS is applied to the rest of the loops from outermost to innermost (this second ordering avoids
code explosion). See [8] for further details about the algorithm we use to apply ISS. Due to this
order it can happen that the UCLs are not directly surrounded by a loop. In this case it is
necessary to apply loop distribution after ISS to be able to apply scalar replacement later on. In
particular we will distribute the loop that surrounds the UCLs. Figure 5(d) shows code of Fig.

5(a) after applying unroll and scalar replacement.

4 Experimental Results
To evaluate the &#cts of the proposed method, we have used 9 linear algebra algorithms. Their

iteration spaces are 3-dimensional and not rectangular and in some of them the loops are not
perfectly nested. Fiveof the algorithms are BLAS 3 operations (Basic Linear Algebra
Subroutines). dble 1 contains a short description and the characteristics of each of the
programs used in the evaluation.The column labeldohéadbop bounds" indicates the number

of loops which loop bounds ardiat functions of the surrounding loops iteration variables. The
other loop bounds are integer or symbolic constants. In the column labeled “Ref” a reference of

where the algorithms were extracted is given.



Characteristics
Ref| Name Description
perfectly nestedaffine loop bounds

[8] | MMtri Triangular matrix product Yes 2
[18] LU |LU decomposition without pivoting No 2
[6] | CHOL Cholesky factorization No 2
[19]| SOR |abstraction of 2-D hyperbolic PDE Yes 2

SSYMM |symmetric matrix-matrix operation No 1
o | SSYRK symmetric rank k update Yes 1
%) SSYR2K symmetric rank 2k update Yes 1
Q | STRMM matrix-matrix operation Yes 1

STRSM solve matrix equation No 1

Table 1. Description and characteristics of each of the algorithms

To perform the transformations, we have developed a tool where the technique proposed in
this paper has been implemented. Our tool manipulates symbolic expressiatigrograms
evaluated we apply tiling at the first level cache and at the register level. At both levels we apply

tiling in two dimensions of the 3-dimensional iteration spaces.

The programs were compiled three times: one using only the native compiler (Native) with
no previously restructuring transformation, a second one using the KAP preprocessor to
restructure the code (KAP) and the third one using our tool, also as a preprocessor (Proposed).
KAP is a commercial source to source preprocessor capable of restructuring code to exploit the
different levels of the memorigierarchy After the preprocessing step, wesed the standard
Fortran 77 compiler with the -O4 option to generate the final executables. The F77 compiler
basically unrolls the innermost loop when the loop body performs a small number of operations

to increase the instruction level parallelism.
We compare the performance (Mflops) obtained by each of these three compilations of the
programs on a workstation with an ALPHA AXP 21064 at 200Mhz with a direct-mapped 8Kb

first level cache, a direct-mapped 2Mb second level cache and 32 floating point registers.
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Fig. 6.Performance obtained by the three compilations (Native, KAP, Proposed) of each of the programs
with matrix size N=100, N=1000, and the harmonic mean varying N form 100 to 1500.

4.1 Performance Results

Figure 6 shows the performance obtained by the three compilations of each program with
matrix sizes equal to 100 and 1000 and also shows the harmonic mean of the performance
obtained varying the matrix sizes (This mean is taken over 39 different matrix sizes
varying from 100 to 1500). In Fig. 6 the three bars corresponding to the three compilations of
each program are overlapped. In general the use of KAP as a preprocessor improves the
performance over the native compiler, but in three cases (SSYR2K, SSYMM with N=100 and
SSYRK with N=1000) it does not.

In SOR we need to apply loop skewing before tiling to convert the loops into a fully
permutable loop nest [17]. The three compilations of SOR were done using the code once
skewed.

Our tool used as a preprocessor always achieves the best performance and obtains speedups
that vary from 1.73 to 7.14, depending on the program, over the KAP preprocessor. Table 2
shows the speedups obtained by our tool over the KAP and the native compiler in each program.

The speedups were computed using the harmonic mean of Fig. 6.

Speedup| MMtri LU | CHOL | SOR |SSYMM|SSYRK |SSYR2KISTRMM|STRSM

KAP | 233 2.75 7.14 1.73 201 2.48 2.45 3.05 2.73

Native | 14.88 | 11.59 7.73 3.65 2.11 2.68 2.06 5.30 4.80
Table 2. Speedups obtained by our tool over the KAP preprocessor and over the native compiler.




In Fig. 6 we note that the KAP preprocessor loses performance when the matrix size
increases. Thisisdueto thefact that the KAP preprocessor never exploitsthe cache level inthis
programs, since it is not able to produce an iteration space tiling when the bounds of the loops
are affine functions (or compositions of affine functions) of the surrounding loops iteration
variables (complex spaces). Nevertheless, in some cases the KAP preprocessor is able to
interchange the loops to improve the data reuse.

At the register level, the KAP preprocessor basically unrolls the innermost loop (exploit
register level only in one dimension) and applies scalar replacement. In only three of the
programs the KAP was able to exploit the register level in two dimensions. Moreover, in alot
of programs it cannot apply scalar replacement effectively because it needs to interchange the
loops and fails to do it because of the complexity of the bounds. The KAP uses scalar
replacement only to move invariant references outside the innermost loop. So, in SOR it doesn’t
apply scalar replacement because there isno invariant references, but scalar replacement can be

applied to reuse loads/stores in successives iterations of the inner loop.

The first transformation step performed in our tool consists in transforming a non-perfectly
nested loop in a perfectly nested one before tiling the iteration space, using conditional
statements. To see if the KAP preprocessor and the native compiler can take benefit from
perfectly nested loops, we applied this transformation to all the programs with non-perfectly
nested loops before compiling the programs. In al the cases, the KAP and the native compiler
obtain less performance than without applying this transformation, because neither the native
compiler nor the KAP preprocessor are able to eliminate conditional statements from the loop
body. The KAP and Native results shown in Fig. 6 correspond to the compilation without
applying this transformation.

5 Conclusions
In this paper we present a new unified method for code restructuring that aims at exploiting all

levels of the memory hierarchy. Our proposal uses strip-mining and loop interchange to
determinethetilesof al levelsof the memory hierarchy. Afterwardswe apply index set splitting
to the register level to be able to fully unroll the inner loops after tiling and to eliminate

unnecessary |oads/stores, so we use efficiently the register level of the memory hierarchy.



We have also presented how to perform loop interchange in non-convex iteration spaces in
a single step computing the bounds exactly and an order in which to perform index set splitting

so that each loop in the nest will be processed only once and so that we avoid code explosion.

Finally, we have evaluated the performance obtained with the commercial KAP preprocessor
and the performance obtained with our method in several linear algebra algorithms with
complex iteration spaces. The performance obtained with our method is substantially higher
than what the KAP preprocessor obtaing &k able to exploit the cache and register levels in

complex iteration spaces.
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