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ir
.

{ω
∈
Ω
|X

n
(ω

)
→

X
}
=

{X
n
→

X
}
=

Ω

C
o

n
v
er

g
èn

ci
a

q
u

a
si

-s
eg

u
ra

X
n

q.
s.

−→
X

P
({
ω
∈
Ω
|X

n
(ω

)
→

X
})

=
P
({
X

n
→

X
})

=
1

C
o

n
v
er

g
èn

ci
a

en
p

ro
b

a
b

il
it

a
t

X
n

P −→
X

li
m

n
→

∞
P
(|X

n
−
X
|>

ǫ}
)
=

0,
∀ǫ
>

0

C
o

n
v
er

g
èn

ci
a

en
d

is
tr

ib
u

ci
ó

X
n

d −→
X

F
n
(x
)
→

F
(x
),
∀x

∈
R

C
o

n
v
er

g
èn

ci
a

en
m

it
ja

n
a

d
’o

rd
re
p

X
n

L
p

−→
X

li
m

n
→

∞
E
[|X

n
−
X
|p ]

=
0

1
E

nu
nc

ia
td

el
pr

im
er

pr
ob

le
m

a
de

l’
ex

am
en

de
l’

U
N

E
D

de
ju

ny
20

09
,s

eg
on

a
se

tm
an

a.
2
ii

d:
In

de
pe

nd
en

ts
ii

dè
nt

ic
am

en
td

is
tr

ib
uï

de
s.

1
.3

.
P

ro
p

ie
ta

ts
3

P
ro

b
a

b
il

it
a

t
en

u
n

es
p

ai
m

es
u

ra
b

le
(Ω
,F

)
és

u
n

a

ap
li

ca
ci

ó
P
:
F

→
R

q
u

e
v
er

ifi
ca

:

•
P
(A

)
≥

0
p

er
∀
A

∈
F

.

•
(σ

-a
d

d
it

iv
it

at
)

P
er

q
u

al
se

v
o

l
co

l·
le

cc
ió

n
u

m
er

ab
le

d
e

su
cc

es
so

s
d

is
ju

n
ts
{
A

n
}
⊂

F
:

P
(∪
A

n
)
=

∑

n

P
(A

n
)

•
P
(Ω

)
=

1.
A

q
u

es
te

s
tr

es
co

n
d

ic
io

n
s

s’
an

o
m

en
en

A
x

io
m

à
ti

ca
d

e

K
o

lm
o

g
o

ro
v

.

E
sp

a
i

d
e

p
ro

b
a

b
il

it
a

t
és

la
te

rn
a
(Ω
,F
,P
)

o
n

P
és

u
n

a
p

ro
b

ab
il

it
at

en
l’

es
p

ai
m

es
u

ra
b

le
(Ω
,F

).

In
d

ep
en

d
èn

ci
a

E
ls

su
cc

es
so

s
{
A

i}
i∈

I
só

n
in

d
ep

en
-

d
en

ts
si

:

P
(∩

i∈
F
A

i)
=

∏ i∈
F

P
(A

i)

p
er

q
u

al
se

v
o

l
su

b
co

n
ju

n
t

fi
n

it
F

⊂
I

.

P
ro

b
a

b
il

it
a

t
co

n
d

ic
io

n
a

d
a

S
i

P
(B

)
>

0,
al

es
h

o
re

s:

P
(A

|
B
)
=

P
(A

∩
B
)

P
(B

)

D
is

tr
ib

u
ci

ó
u

n
if

o
rm

e
és

fa
se

rv
ir

aq
u

es
t

n
o

m
p

er

d
es

ig
n

ar
l’

as
si

g
n

ac
ió

d
e

p
ro

b
ab

il
it

at
m

és
se

n
zi

ll
a,

q
u

e

co
n

si
st

ei
x

en
as

si
g

n
ar

a
ca

d
a

co
n

ju
n

t
B

⊂
Ω

∈
B

,
u

n
a

p
ro

b
ab

il
it

at
p

ro
p

o
rc

io
n

al
a

la
se

v
a

lo
n

g
it

u
d

:

P
(B

)
=
λ
(B

)/
λ
(Ω

).
(1

.2
)

M
és

g
en

èr
ic

am
en

t,
p

er
a

q
u

al
se

v
o

l
co

n
ju

n
t
B

∈
B

,
s’

as
-

si
g

n
a

u
n

a
p

ro
b

ab
il

it
at

p
ro

p
o

rc
io

n
al

a
la

se
v
a

in
te

rs
ec

ci
ó

am
b
Ω
∈
B

:

P
(B

)
=
λ
(B

∩
Ω
)/
λ
(Ω

).
(1

.3
)

E
n
R

k
es

g
en

er
al

it
za

as
si

g
n

an
t

a
ca

d
a

co
n

ju
n

t
V

∈
B

n
,

u
n

a
p

ro
b

ab
il

it
at

p
ro

p
o

rc
io

n
al

a
la

in
te

rs
ec

ci
ó

d
el

se
u

v
o

lu
m

am
b
Ω
∈
B

n
(à

re
a

en
R

2
):

P
(V

)
=
λ
n
(V

∩
Ω
)/
λ
n
(Ω

).
(1

.4
)

P
ro

p
o

si
ci

ó
1

.2
S

i
A

∈
Ω

r
,
B

∈
Ω

s
,

o
n
Ω

r
∈
B

r
,
Ω

s
∈

B
s

só
n

d
o

s
in

te
rv

al
s

tr
ia

ts
a

l’
at

za
r

i
in

d
ep

en
d

en
tm

en
t

u
n

d
e

l’
al

tr
a,

al
es

h
o

re
s

el
co

n
ju

n
t
A
×
B

∈
B

r
×

B
s

té

u
n

a
p

ro
b

ab
il

it
at

d
is

tr
ib

u
ïd

a
u

n
if

o
rm

em
en

t
en

Ω
r
×

Ω
s
.

D
em

o
st

ra
ci

ó
.

T
en

im
q

u
e

P
(A

)
=
λ
(A

)/
λ
(Ω

r
)
=
λ
(A

∩
Ω

r
)/
λ
(Ω

r
),

P
(B

)
=
λ
(B

)/
λ
(Ω

s
)
=
λ
(B

∩
Ω

s
)/
λ
(Ω

s
).

P
er

in
d

ep
en

d
èn

ci
a:

P
(A

×
B
)
=
λ
(A

∩
Ω

r
)
λ
(B

∩
Ω

s
)

λ
(Ω

r
)
λ
(Ω

s
)

.

A
p

li
ca

n
t

la
p

ro
p

o
si

ci
ó

1
.1

,
p

àg
.
2
:

P
(A

×
B
)
=
λ
((
A
∩
Ω

r
)
×

(B
∩
Ω

s
))

λ
(Ω

r
×

Ω
s
)

=

λ
((
A
×
B
)
∩
(Ω

r
×

Ω
s
))

λ
(Ω

r
×

Ω
s
)

E
n

p
ar

ti
cu

la
r,

el
re

su
lt

at
ta

m
b

é
és

v
àl

id
si
A

i
B

es

re
d

u
ei

x
en

a
u

n
sò

l
p

u
n

t.
P

er
ex

em
p

le
,

tr
ia

r
d

o
s

p
u

n
ts

(X
,Y

)
a

l’
at

za
r

in
d

ep
en

d
en

tm
en

t
u

n
d

e
l’

al
tr

a
en

l’
in

-

te
rv

al
[0
,1
],

és
eq

u
iv

al
en

t
a

tr
ia

r
u

n
p

u
n

t
d

e
co

o
rd

en
ad

es

(X
,Y

)
al

ea
tò

ri
am

en
t

en
el

q
u

ad
ra

t
[0
,1
]×

[0
,1
].

1
.3

P
ro

p
ie

ta
ts

F
ó

rm
u

la
d

’i
n

cl
u

si
ó

-e
x

cl
u

si
ó

P
(∪

n i=
1
A

i)
=

n
∑

i=
1

P
(A

i)
−

∑

1
≤
i<

j≤
n

P
(A

i
∩
A

j
)+

∑

1
≤
i<

j<
k
≤
n

P
(A

i∩
A

j
∩
A

k
)+

··
·+

(−
1)

n
−
1

P
(A

i∩
..
.∩
A

k
)

C
o

n
ti

n
u

ït
a

t
d

e
se

q
ü

èn
ci

es
m

o
n

ò
to

n
es

d
e

su
cc

es
so

s

1
.

S
i
{A

n
}
n
≥
1

és
u

n
a

se
q

ü
èn

ci
a

cr
ei

x
en

t
d

e
su

cc
es

so
s,

és
a

d
ir

,
A

n
⊂
A

n
+
1
,

al
es

h
o

re
s:

P
(∪

∞ n
=
1
A

n
)
=

li
m

n
→

∞
P
(A

n
)

2
.

S
i
{B

n
} n

≥
1

és
u

n
a

se
q

ü
èn

ci
a

d
ec

re
ix

en
t

d
e

su
cc

es
-

so
s,

és
a

d
ir

,
B

n
⊃
B

n
+
1
,

al
es

h
o

re
s:

P
(∩

∞ n
=
1
B

n
)
=

li
m

n
→

∞
P
(B

n
)

D
em

o
st

ra
ci

ó
.

1
.

P
o

d
em

fe
r

la
p

ar
ti

ci
ó

d
el

su
cc

és
A

n
:

A
n
=
A

1
∪
(A

2
\
A

1
)
∪
··
·(
A

n
\
A

n
−
1
)

d
’o

n
: ∪
∞ k
=
1
A

k
=
A

1
∪
(A

2
\
A

1
)
∪
(A

3
\
A

2
)
∪
··
·



4
C

ap
ít

o
l

2
.

P
ro

b
ab

il
it

at
s

en
R

p
er

ta
n

t:

P
(∪

∞ k
=
1
A

k
)
=

P
(A

1
)
+

∞
∑

j=
2

P
(A

j
\A

j−
1
)
=

li
m

n
→

∞

{

P
(A

1
)
+

n
∑

j=
2

P
(A

j
\A

j−
1
)}

=

li
m

n
→

∞
P
(A

1
∪
(A

2
\A

1
)
∪
··
·(
A

n
\A

n
−
1
))

=

li
m

n
→

∞
P
(A

n
)

2
.

B
as

ta
es

cr
iu

re
:

P
(∩

∞ n
=
1
B

n
)
=

1
−

P
((
∩∞ n

=
1
B

n
)c
)
=

1
−

P
(∪

∞ n
=
1
B

c n
)

i,
ap

li
ca

n
t

el
re

su
lt

at
an

te
ri

o
r:

P
(∪

∞ n
=
1
B

c n
)
=

li
m

n
→

∞
P
(B

c n
)
=

1
−

li
m

n
→

∞
P
(B

n
)

L
ím

it
s

in
fe

ri
o

r
i

su
p

er
io

r
d

’u
n

a
su

cc
es

si
ó

D
o

n
ad

a

u
n

a
se

q
ü

èn
ci

a
d

e
su

cc
es

so
s
{A

n
} n

≥
1
,

es
te

m
in

te
re

ss
at

s

en
d

et
er

m
in

ar
la

p
ro

b
ab

il
it

at
d

e
q

u
e

la
se

q
ü

èn
ci

a
es

re
-

al
it

za
u

n
n

o
m

b
re

in
fi

n
it

d
e

v
eg

ad
es

.
P

er
ai

x
ò

an
al

it
-

za
re

m
le

s
se

q
ü

èn
ci

es
d

ec
re

ix
en

t
{D

m
} m

≥
1

i
cr

ei
x
en

t

{C
m
} m

≥
1

d
efi

n
id

es
co

m
:

D
m
=

∩∞ n
=
m
A

n

C
m
=

∪∞ n
=
m
A

n
.

A
n

es
re

al
it

za
rà

u
n

n
o

m
b

re
in

fi
n

it
d

e
v
eg

ad
es

si
p

er
al

-

g
u

n
m

h
i

h
a

u
n

o
m

és
es

d
ev

en
im

en
ts

q
u

e
p

er
ta

n
y

en
a

to
ts

el
s

su
cc

es
so

s
A

n
.

E
l

su
cc

és
fo

rm
at

p
er

aq
u

es
ts

es
-

d
ev

en
im

en
ts

v
e

d
o

n
at

p
er

:

li
m
in
f n
A

n
=

∪∞ m
=
1
D

m
=

∪∞ m
=
1
∩∞ n

=
m
A

n
.

U
n

a
co

n
d

ic
ió

m
en

y
s

re
st

ri
ct

iv
a

és
q

u
e

p
er

a
ca

d
a

m
≥

1
es

re
al

it
zi

al
g

u
n
A

n
am

b
n

≥
m

.
E

l
su

cc
és

fo
rm

at
p

er
aq

u
es

ts
es

d
ev

en
im

en
ts

v
e

d
o

n
at

p
er

:

li
m
su
p
n
A

n
=

∩∞ m
=
1
C

m
=

∩∞ m
=
1
∪∞ n

=
m
A

n
.

S
em

p
re

és

li
m
in
f n
A

n
⊆

li
m
su
p
n
A

n
.

S
i
li
m
in
f n
A

n
=

li
m
su
p
n
A

n
,

al
es

h
o

re
s

es
d

iu
q

u
e

la

su
cc

es
si

ó
és

co
n
v
er

g
en

t,
i

es
d

es
ig

n
a

si
m

p
le

m
en

t
p

er

li
m

n
A

n
.

•
E

n
g

en
er

al
:

P
(l
im

in
f n
A

n
)
≤

li
m
in
f n

P
(A

n
)
≤

P
(l
im

su
p
n
A

n
)
≤

li
m
su
p
n
P
(A

n
)

•
S

i
A

n
és

co
n
v
er

g
en

t:

P
(l
im n
A

n
)
=

li
m n

P
(A

n
)

L
em

es
d

e
B

o
re

l-
C

a
n

te
ll

i

1
.

S
i

la
se

ri
e
∑

∞ n
=
1

P
(A

n
)

és
co

n
v
er

g
en

t,
al

es
h

o
re

s:

P
(l
im

su
p
n
A

n
)
=

0

2
.

S
i
{A

n
}é

s
u

n
a

su
cc

es
si

ó
d

e
su

cc
es

so
s

in
d

ep
en

d
en

ts

ta
l

q
u

e
la

sè
ri

e
∑

∞ n
=
1

P
(A

n
)

és
d

iv
er

g
en

t,
al

es
h

o
re

s:

P
(l
im

su
p
n
A

n
)
=

1

P
er

ta
n

t,
en

u
n

a
su

cc
es

si
ó

d
e

su
cc

es
so

s
in

d
ep

en
d

en
ts

,

la
p

ro
b

ab
il

it
at

d
e

h
i

h
ag

i
in

fi
n

it
s

su
cc

es
so

s
{A

n
}n

o
m

és

p
o

t
v
al

er
0

o
1

,
se

g
o

n
s
∑

∞ n
=
1

P
(A

n
)

si
g

u
i

co
n
v
er

g
en

t
o

n
o

.

D
em

o
st

ra
ci

ó
.

1
.

L
a

su
cc

es
si

ó
B

n
=

∪∞ n
=
m
A

n
és

d
ec

re
ix

en
t

ca
p

a

li
m
su
p
n
A

n
,

p
er

ta
n

t:

P
(l
im

su
p
n
A

n
)
=

li
m

m
→

∞
P
(∪

∞ n
=
m
A

n
)
≤

li
m

m
→

∞
P
(A

n
)

i
l’

ú
lt

im
te

rm
e

és
ze

ro
si

la
sè

ri
e

és
co

n
v
er

g
en

t.

R
eg

la
d

e
la

m
u

lt
ip

li
ca

ci
ó

S
i

P
(∩

n
−
1

i=
1
A

i)
>

0,
al

es
h

o
-

re
s: P
(∩

n i=
1
A

i)
=

P
(A

1
)

P
(A

2
|A

1
)×

P
(A

3
|A

2
∩
A

1
)
··
·P

(A
n
|
∩n

−
1

i=
1
A

i)

F
ó

rm
u

la
d

e
le

s
p

ro
b

a
b

il
it

a
ts

to
ta

ls
S

i
B

n
és

u
n

a
p

ar
-

ti
ci

ó
n

u
m

er
ab

le
d

’Ω
am

b
P
(B

n
)
>

0,
al

es
h

o
re

s:

P
(A

)
=

∑

n

P
(B

n
)

P
(A

|B
n
)

F
ó

rm
u

la
d

e
B

a
y
es

S
i

P
(B

)
>

0,
al

es
h

o
re

s:

P
(A

|B
)
=

P
(A

)
P
(B

|A
)

P
(B

)

C
a
p

ít
o
l

2

P
ro

b
a
b

il
it

a
ts

en
R

2
.1

V
a
ri

a
b

le
s

a
le

a
tò

ri
es

S
ó

n
fu

n
ci

o
n

s
X

q
u

e
as

si
g

n
en

u
n

v
al

o
r

n
u

m
èr

ic
a

ca
d

a

es
d

ev
en

im
en

t
ω
∈
Ω

.
F

o
rm

al
m

en
t,

u
n

a
v
ar

ia
b

le
al

ea
tò

-

ri
a

(V
A

)
d

efi
n

id
a

en
u
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u
ra

d
e

p
ro

b
ab

il
it

at
P
X
(B

)
=

P
{X

∈
B
},

∀B
∈

B
,
s’

an
o

m
en

a
la

d
is

tr
ib

u
ci

ó
d

e
la

V
A
X

i
(R
,B
,P

X
)

l’
es

-

pa
id

e
pr

ob
ab

il
it

at
in

du
ït

pe
r
X

.
L

a
fu

nc
ió

F
X
(x
)
=

P
X
((
−
∞
,x
])
=

P
{X

≤
x
}

(2
.2

)

s’
an

om
en

a
fu

n
ci

ó
d

e
d

is
tr

ib
u

ci
ó

d
e

la
v
a

ri
a

b
le

a
le

a
-

tò
ri

a
X

(c
u

m
u

la
ti

ve
d

is
tr

ib
u

ti
o

n
fu

n
ct

io
n

,
C

D
F

).
U

na
fu

nc
ió

de
di

st
ri

bu
ci

ó
té

le
s

se
gü

en
tp

ro
pi

et
at

s:
•

É
s

un
a

fu
nc

ió
F

:
R

→
[0
,1
].

•
É

s
cr

ei
xe

nt
.

•
É

s
co

nt
in

ua
pe

r
la

dr
et

a:
F
(x
)
=

li
m

y
↓
x
F
(y
).

•
V

er
ifi

ca
F
(−

∞
)
=

0,
F
(∞

)
=

1.

P
((
a
,b
])
=

P
((
−
∞
,b
])
−

P
((
−
∞
,a
])
=

F
(b
)
−
F
(a
)

P
((
a
,b
))

=
P
((
−
∞
,b
))
−

P
((
−
∞
,a
])
=

F
(b

−
)
−
F
(a
)

P
([
a
,b
])
=

P
((
−
∞

,b
])
−

P
((
−
∞
,a
))

=
F
(b
)
−
F
(a

−
)

P
((
a
,b
])
=

P
((
−
∞

,b
])
−

P
((
−
∞
,a
])
=

F
(b
)
−
F
(a
)

P
([
a
,b
))

=
P
((
−
∞

,b
))
−

P
((
−
∞
,a
))

=
F
(b

−
)
−
F
(a

−
)

A
ix

íd
on

cs
,P

({
x
})

=
P
([
x
,x
])
=
F
(x
)
−
F
(x

−
),

qu
e

im
pl

ic
a

qu
e

el
s

pu
nt

s
on

és
P
(x
)
>

0
só

n
ex

ac
ta

m
en

t
el

s
pu

nt
s

de
di

sc
on

ti
nu

ït
at

de
sa

lt
(p

er
la

dr
et

a)
de
F

.
U

na
di

st
ri

bu
ci

ó
po

te
st

ar
co

n
ce

n
tr

a
d

a
en

un
su

bc
on

-
ju

nt
Ω

⊂
R

.
E

n
aq

ue
st

ca
s

P
(B

)
=

0
pe

r
qu

al
se

vo
l

{B
∈
B
|B

⊂
Ω

c
}.

Q
ua

ls
ev

ol
di

st
ri

bu
ci

ó
es

po
te

xp
re

ss
ar

co
m

la
m

ix
tu

ra

de
du

es
di

st
ri

bu
ci

on
s:
F
(x
)
=
α
F
c
(x
)+

(1
−
α
)
F
d
(x
),

on
F
c
(x
)

és
un

a
di

st
ri

bu
ci

ó
co

nt
in

ua
iF

d
(x
)

és
un

a
fu

n-
ci

ó
de

di
st

ri
bu

ci
ó

d
is

cr
et

a
,e

sg
la

on
ad

a
am

b
di

sc
on

ti
nu

-
ït

at
s

en
un

co
nj

un
tn

um
er

ab
le

de
pu

nt
s.

1

F
(x

)

x

y
2

y
1

F
−
1
(y

3
)

F
−
1
(y

1
)

y
3

F
−
1
(y

2
)

F
ig

ur
a

2.
1:

F
un

ci
ó

de
di

st
ri

bu
ci

ó
in

ve
rs

a.

F
u

n
ci

ó
d

e
d

is
tr

ib
u

ci
ó

in
v
er

sa
E

n
ge

ne
ra

lu
na

fu
nc

ió
de

di
st

ri
bu

ci
ó

po
t

te
ni

r
pu

nt
s

de
di

sc
on

ti
nu

ït
at

de
sa

lt
pe

r
la

dr
et

a,
o

in
te

rv
al

s
on

és
co

ns
ta

nt
(v

eu
re

la
fi

gu
-

ra
2.

1)
.

A
ix

íd
on

cs
,u

na
fu

nc
ió

de
di

st
ri

bu
ci

ó
po

tn
o

se
r

un
a

fu
nc

ió
bi

je
ct

iv
a

i,
pe

r
ta

nt
,n

o
te

ni
r

in
ve

rs
a.

P
er

ai
-

xò
es

de
fi

ne
ix

la
fu

n
ci

ó
d

e
d

is
tr

ib
u

ci
ó

in
v
er

sa
(I

n
ve

rs
e

d
is

tr
ib

u
ti

o
n

fu
n

ct
io

n
)

an
om

en
ad

a
ta

m
bé

fu
n

ci
ó

q
u

a
n

ti
l

(q
u

a
n

ti
le

fu
n

ct
io

n
)1

:

F
−
1
(y
)
=

m
in
{x

∈
R

|F
(x
)
≥
y
}

(2
.3

)

N
ot

ar
qu

e
F

−
1

co
in

ci
de

ix
am

b
la

fu
nc

ió
in

ve
rs

a
de

F
qu

an
aq

ue
st

a
és

bi
je

ct
iv

a.

2
.3

F
u

n
ci

ó
d

e
d

en
si

ta
t

U
na

V
A

es
di

u
ab

so
lu

ta
m

en
t

co
nt

ín
ua

si
ho

és
la

se
va

fu
nc

ió
de

di
st

ri
bu

ci
ó.

E
n

aq
ue

st
ca

s
ex

is
te

ix
un

a
fu

n
ci

ó

d
e

d
en

si
ta

t
(p

ro
b

a
b

il
it

y
d

en
si

ty
fu

n
ct

io
n

,
P

D
F

),
f
(x
),

ta
lq

ue
pe

r
a

qu
al

se
vo

li
nt

er
va

lI
=

{x
|a

≤
x
≤
b}

:

∫

b

a

f
(x
)
d
x
=

P
(X

∈
I
)
=
F
(b
)
−
F
(a
)

(2
.4

)

E
s

di
u

qu
e

la
fu

nc
ió

de
de

ns
it

at
es

tà
co

n
ce

n
tr

a
d

a
en

un
in

te
rv

al
I

qu
an
f
(x
)
=

0,
x
/∈
I

.
E

vi
de

nt
m

en
t:

F
(x
)
=

P
(X

∈
(−

∞
,x
])
=

∫

x

−
∞

f
(y
)
d
y

D
e

le
s

pr
op

ie
ta

ts
de

F
és

im
m

ed
ia

t
qu

e
f
(x
)
≥

0
i

∫

∞ −
∞
f
(x
)
d
x
=

1.
L

es
V

A
ab

so
lu

ta
m

en
tc

on
tí

nu
es

so
le

n
ca

ra
ct

er
it

za
r-

se
am

b
la

se
va

fu
nc

ió
de

de
ns

it
at

(v
eu

re
l’

ap
èn

di
x

A
).

H
i

ha
di

st
ri

bu
ci

on
s

co
nt

in
ue

s
qu

e
no

te
ne

n
fu

nc
ió

de
de

n-
si

ta
t,

co
m

ar
a

la
di

st
ri

bu
ci

ó
de

C
an

to
r

(v
eu

re
[ 1

,
se

c-
ci

ó
4.

4.
3]

).
Te

ne
n

la
ca

ra
ct

er
ís

ti
ca

d’
es

ta
r

as
so

ci
ad

es
a

un
co

nj
un

t
de

B
or

el
L

∈
B

no
nu

m
er

ab
le

i
de

lo
ng

i-
tu

d
nu

l·l
a

ta
l

qu
e

P
(x
)
=

0,
∀x

∈
L

,
pe

rò
P
(L

)
>

0.
S

’a
no

m
en

en
d

is
tr

ib
u

ci
o

n
s

si
n

g
u

la
rs

.

2
.4

C
a
n

v
is

d
e

v
a
ri

a
b

le

S
i
X

és
un

a
V

A
,

i
g
:
R

→
R

és
un

a
fu

nc
ió

m
es

ur
a-

bl
e

re
sp

ec
te

B
(é

s
a

di
r,
g
−
1
(B

)
∈

B
pe

r
a

qu
al

se
vo

l
B

∈
B

),
al

es
ho

re
s
Y

=
g
(X

)
ta

m
bé

és
un

a
V

A
am

b

F
Y
(y
)
=

P
{Y

≤
y
}
=

P
(g
(X

)
≤
y
)
=

P
{X

∈
g
−
1
(−

∞
,y
]}

qu
e

es
po

td
et

er
m

in
ar

fà
ci

lm
en

ta
pa

rt
ir

de
F
X

,a
m

b
l’

ú-
ni

ca
di

fi
cu

lt
at

de
de

te
rm

in
ar

el
s

su
bc

on
ju

nt
s

do
na

ts
pe

r
g
−
1
(−

∞
,y
].

1
E

n
el

ll
ib

re
de

l’
as

si
gn

at
ur

a
[ 1

]
es

fa
se

rv
ir

la
no

ta
ci

ó
F

∗
pe

r
de

no
ta

r
la

fu
nc

ió
de

di
st

ri
bu

ci
ó

in
ve

rs
a.



6
C

ap
ít

o
l

2
.

P
ro

b
ab

il
it

at
s

en
R

S
i
X

és
un

a
V

A
ab

so
lu

ta
m

en
t

co
nt

ín
ua

am
b

fu
nc

ió
de

de
ns

it
at
f X

co
nc

en
tr

ad
a

en
I

,
i
g
:
I
→

R
és

un
a

fu
nc

ió
m

on
òt

on
a

i
de

ri
va

da
co

nt
ín

ua
en

I
,

al
es

ho
re

s
Y

=
g
(X

)
és

un
a

V
A

ab
so

lu
ta

m
en

tc
on

tí
nu

a
am

b
de

n-
si

ta
tc

on
ce

nt
ra

da
en
y
∈
g
(I
):

f Y
(y
)
=
f X

(g
−
1
(y
))

|g
′ (
g
−
1
(y
))
|
=
f X

(g
−
1
(y
))
|(
g
−
1
)′
(y
)|

(2
.5

)

D
em

o
st

ra
ci

ó
.

S
ig

és
es

tr
ic

ta
m

en
tc

re
ix

en
t:

F
Y
(y
)
=

P
(Y

≤
y
)
=

P
(g
(X

)
≤
y
)
=

P
(X

≤
g
−
1
(y
))

=

∫

g
−
1
(y
)

−
∞

f X
(x
)
d
x
=

∫

x

−
∞

f X
(g

−
1
(y
))

g
′ (
g
−
1
(y
))
d
x

on
s’

ha
fe

t
el

ca
nv

i
x

=
g
−
1
(y
),

d’
on

d
y
=
g
′ (
x
)
d
x

i
d
x
=
d
y
/g

′ (
g
−
1
(y
))

.
S

i
g

és
es

tr
ic

ta
m

en
t

de
cr

ei
xe

nt
s’

ob
té

el
m

at
ei

x
am

b
si

gn
e

ca
nv

ia
t.

S
i
g

no
és

m
on

òt
on

a
en
I

,p
er

ò
es

po
t

de
sc

om
po

nd
re

en
in

te
rv

al
s

on
ho

és
,

al
es

ho
re

s
es

po
t

ap
li

ca
r

el
re

su
l-

ta
t2

.5
en

ca
da

in
te

rv
al

il
a

de
ns

it
at

de
Y

=
g
(X

)
se

rà
:

f Y
(y
)
=

∑

x
∈
g
−
1
(y
)

f X
(x
)

|g
′ (
x
)|
.

(2
.6

)

F
in

al
m

en
t,

si
g

és
co

ns
ta

nt
en

al
gu

n
in

te
rv

al
U

(g
(x

∈
U
)
=
y 0
),

al
es

ho
re

s
Y

no
se

rà
ab

so
lu

ta
m

en
t

co
nt

ín
ua

(t
in

dr
à

un
a

di
st

ri
bu

ci
ó

m
ix

ta
),

am
b:

F
Y
(y

0
)
=

P
(Y

=
y 0
)
=

P
(X

∈
U
)
=

∫

U

f X
(x
)
d
x

G
en

er
a

ci
ó

d
e

v
a

ri
a

b
le

s
a

le
a

tò
ri

es

P
ro

p
o

si
ci

ó
2

.1
S

iX
és

un
a

V
A

ab
so

lu
ta

m
en

tc
on

tí
nu

a,
al

es
ho

re
s

la
V

A
Y

=
F
X
(X

),
Y

∈
[0
,1
]

té
un

a
di

st
ri

bu
-

ci
ó

un
if

or
m

e.

D
em

o
st

ra
ci

ó
.

F
Y
(y
)
=

P
(Y

≤
y
)
=

P
(F

X
(X

)
≤
y
)
=

P
(X

≤
F

−
1

X
(y
))

=
F
X
(F

−
1

X
(y
))

=
y
,
y
∈
[0
,1
]

L
a

pr
op

os
ic

ió
an

te
ri

or
su

gg
er

ei
x

el
se

gü
en

t
m

èt
od

e
pe

r
a

ge
ne

ra
r

un
a

V
A

am
b

di
st

ri
bu

ci
ó
F
X

qu
al

se
vo

l,
i

fu
nc

ió
de

di
st

ri
bu

ci
ó

in
ve

rs
a
F

−
1

X
:

P
ro

p
o

si
ci

ó
2

.2
S

iY
és

un
a

V
A

am
b

di
st

ri
bu

ci
ó

un
if

or
-

m
e

en
Y

∈
[0
,1
],

al
es

ho
re

s
la

V
A
X

=
F

−
1

X
(Y

)
té

la
fu

nc
ió

de
di

st
ri

bu
ci

ó
F
X

.

D
em

o
st

ra
ci

ó
.

P
(X

≤
x
)
=

P
(F

−
1

X
(Y

)
≤
x
)
=

P
(Y

≤
F
X
(x
))

=
F
Y
(F

X
(x
))

=
F
X
(x
)

P
er

ta
nt

,p
er

a
ge

ne
ra

r
la

V
A

am
b

di
st

ri
bu

ci
ó
F
X

ba
s-

ta
ge

ne
ra

r
un

a
V

A
Y

un
if

or
m

e
en

[0
,1
],

i
su

bs
ti

tu
ir

X
=
F

−
1

X
(Y

).

2
.5

In
d

ep
en

d
èn

ci
a

D
efi

n
ic

ió
2

.1
L

es
V

A
X

1
,·
··
X

n
de

fi
ni

de
s

en
un

m
a-

te
ix

es
pa

i
de

pr
ob

ab
il

it
at

(Ω
,F
,P
)

só
n

in
de

pe
nd

en
ts

qu
an

ho
só

n
le

s
σ

-à
lg

eb
ra
X

−
1

i
(B

),
i
=

1,
··
·n

.
É

s
a

di
r,

pe
r

qu
al

se
vo

lB
i
∈
B
,i

=
1,
··
·n

:

P
(X

1
∈
B

1
,·
··
X

n
∈
B

n
)
=

P
(X

1
∈
B

1
)
··
·P

(X
n
∈
B

n
).

A
ix

ò
im

pl
ic

a
qu

e:

P
(X

1
≤
x
1
,·
··
X

n
≤
x
n
)
=
F
1
(x

1
)
··
·F

2
(x

n
)

on
F
i

só
n

le
s

re
sp

ec
tiv

es
fu

nc
io

ns
de

di
st

ri
bu

ci
ó.

P
ro

p
o

si
ci

ó
2

.3
S

ig
ui

n
X

1
i
X

2
V

A
in

de
pe

nd
en

ts
am

b
fu

nc
io

ns
de

di
st

ri
bu

ci
ó
F
1

iF
2

m
ix

te
s.
F
1

am
b

de
ns

it
at

i
sa

lt
s
p 1
(x
)

en
un

co
nj

un
t

nu
m

er
ab

le
D

.
S

i
h

és
un

a
fu

nc
ió

co
nt

ín
ua

en
I
=

[a
,b
],

al
es

ho
re

s:

P
(X

1
∈
I
,X

2
≤
h
(X

1
))

=

∫

I

F
2
(h
(x
))
F
1
(d
x
),

on
es

de
fi

ne
ix

:
∫

I

F
2
(h
(x
))
F
1
(d
x
)
=

∑

x
∈
I
∩
D

F
2
(h
(x
))
p 1
(x
)
+

∫

b

a

F
2
(h
(x
))
f 1
(x
)
d
x
.

(2
.7

)

S
u

m
a

d
e

V
A

in
d

ep
en

d
en

ts
A

m
b

le
s

m
at

ei
xe

s
co

n-
di

ci
on

s
de

la
pr

op
os

ic
ió

2.
3,

la
V

A
Z

=
X

1
+
X

2
té

di
st

ri
bu

ci
ó: P
(Z

≤
z)

=
P
(X

1
+
X

2
≤
z)

=

∫

∞

−
∞

F
2
(z

−
x
)
F
1
(d
x
)

=

∫

∞

−
∞

F
1
(z

−
x
)
F
2
(d
x
)

=
F
1
∗
F
2
(z
)

on
F
1
∗
F
2
(z
)

s’
an

om
en

a
co

n
v
o

lu
ci

ó
de

le
s

fu
nc

io
ns

F
1
,F

2
.

C
ap

ít
o

l
6

.
A

n
àl

is
i

d
es

cr
ip

ti
u

1
1

P
ro

p
ie

ta
ts

1
.

E
[a
X

+
b
Y
]
=
a

E
[X

]+
b

E
[Y

].

2
.

S
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d
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∂
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∈
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≤
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∈
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=

∫
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∫
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∈
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p
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∈
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=

∫
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∫
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=
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=
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=
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=
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d
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∈
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e
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d
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∈
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b
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b
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im
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o

n
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m

u
n

a
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en
R

2
.

P
er
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p
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d
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2
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tr
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ifi
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r
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rm
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p
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ca

:
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∈
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2
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∈
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en
si
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)
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p
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q
u
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a

es
p
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d

a
la

d
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tr
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u
ci

ó
si

n
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u
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r
en

R
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.
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is
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n
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n
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N

o
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p
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d
u

ei
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en
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s
d
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er
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i
u

n
se

g
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t

p
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l
a

u
n
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x
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b

p
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b
ab
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u
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p
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d
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en
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p
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p
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p
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ra
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d
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v
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→
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ó
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ra
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i-

b
u

ci
ó

d
e

la
V

A
b

id
im

en
si

o
n

al
(U
,V

)
=
g
(X
,Y

)
es

p
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∈
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∈
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∞
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d
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b
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ó

d
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d
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f
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≥
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≥
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ó
d
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=
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=
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∈
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p
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u

,
és

a

d
ir

,
y
≤
u
−
x

.
L

a
re

g
ió
V

≤
u

v
e

d
o

n
ad

a
p
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ó
d
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ó
d
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≥
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=
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=
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−
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i
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∫
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∫
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d
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ca
ti

v
am

en
t

q
u

an
f X
(x
,y
)

és
ab

so
lu

ta
m

en
t

co
n

ti
n

u
a.

S
i
f X

>
0

en

u
n

a
re

g
ió

R
i
g
:
R

2
→
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i
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p
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r
d

ir
ec

ta
m

en
t

d
’u

n
a

d
e

le
s

se
g

ü
en

ts
m

an
er

es
:

f
(u
,v
)
=
f X
(g
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|
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ó

n
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d
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p
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i
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·
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u
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b
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b
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=
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≥
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∈
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≥
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≥

0

A
p

li
ca

n
t

( 3
.7

):

J h
=

∣ ∣ ∣ ∣

v
u

1
−
v

−
u
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b
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p
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u
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p
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d
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=

P
(X

≤
x
)
=

li
m

y
→

∞
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∞
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am
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er
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s
d

en
si

ta
ts

d
e

V
A
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en
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p
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d
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b
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=
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=
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p
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∞
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)
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p
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f
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m
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p
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ó
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ad

a
en

u
n

co
n

ju
n

t
n

u
m

er
ab

le
D

i
d

en
si

ta
t
f X

.
S

i
F
(y
|x
)

és
u

n
a

fu
n

ci
ó
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ó
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b
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∑
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∞
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=
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=
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=
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p
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=
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b
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ó
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d
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ó
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